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Introduction

Parabolic partial differential equations with piecewise constant
coeffi cients (PPDEPCC) have several useful applications

PPDEPCC can be used to solve the volatility calibration problem

PPDEPCC naturally arise in such diverse areas as mathematical
modeling of brain tumor growth

PPDEPCC describe percolation of medicine administered through
skin, etc.

Probabilistically, PPDEPCC describe oscillating Brownian motion and
other interesting processes

AL (SHBL & MIT) Oscillating Black-Scholes 02/27 2 / 12



Oscillating Brownian motion

We wish to compute H (t,X , k), which solves the heat equation with
piecewise constant thermal conductivity and a single wave initial
condition

Ht −
1
2

σ2 (X )HXX = 0, H (0,X , k) = e ikX ,

where
σ (X ) = σ0IX<ξ + σ1IX≥ξ ,

and I· is the indicator function.

We write the solution on the same way:

H (t,X ) = H0 (t,X ) IX<ξ +H1 (t,X ) IX≥ξ .

Without loss of generality, we assume that ξ = 0.
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Oscillating Brownian motion

It can be shown that

H1 (t,X , k) = F
(
X
Y1
, ikY1

)
+ 2σ1
(σ1+σ0)

F
(
− X
Y1
,−ikY0

)
+ (σ0−σ1)
(σ1+σ0)

F
(
− X
Y1
, ikY1

)
.

Similarly,

H0 (t,X , k) = F
(
− X
Y0
,−ikY0

)
+ 2σ0
(σ1+σ0)

F
(
X
Y0
, ikY1

)
+ (σ1−σ0)
(σ1+σ0)

F
(
X
Y0
,−ikY0

)
.

Here Yj =
√

σj t, and F, M are given by

F (a, b) = eabM (a+ b) , M (x + iy) = e−
y2
2 N (x + iy) .
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Oscillating Brownian motion

The combined formula has the form

Hj (t,X , k) = F
(
(−1)1−j XYj , (−1)

1−j ikYj
)

+
2σj

(σ1+σ0)
F
(
(−1)j XYj , (−1)

j ikY1−j
)

+
(σ1−j−σj )
(σ1+σ0)

F
(
(−1)j XY1 , (−1)

1−j ikY1
)
.
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Oscillating Black-Scholes formula

We start with Dupire’s equation (1994) for the price of a call option
C (t,K ):

Ct −
1
2

σ2 (K )K 2CKK = 0, C (0,K ) = (S −K )+ ,

σ (K ) = σ0IK<ξS + σ1IK≥ξS .

We wish to rewrite this equation as Lipton’s equation (2002). To this
end, we define the covered call

C̃ (t,K ) = S − C (t,K ) , C̃ (0,K ) = min (K ,S) .

normalize independent and dependent variables as follows:

X = ln
(
K
S

)
, C̃ = e

1
2X SD (t,X ) ,

and write the pricing problem for D in the form

Dt −
1
2

σ2
(
DXX −

1
4
D
)
= 0, D (0,X ) = e−

1
2 |X |.
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Oscillating Black-Scholes formula

We introduce the Carson-Laplace transform Ψ of D,

Ψ (λ,X ) = λ
∫ ∞

0
e−λtD (t,X ) dt,

An inhomogeneous ODE for Ψ has the form

λΨ− 1
2

σ2
(

ΨXX −
1
4

Ψ
)
= λe−

1
2 |X |.

The volatility is specified as follows

σ (X ) = σ0IX<η + σ1IX≥η,

where η = ln (ξ). To be concrete, we assume that ξ > 1, so that
η > 0.
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Oscillating Black-Scholes formula

We can represent the inverse Carson-Laplace transform

A (t,X ) = L−1 (Φ (λ,X ) /λ) ,

as follows

A (t,X , η, σ0, σ1) = A1−s (t,X , η, σ0, σ1) IX<η

+As (t,X , η, σ0, σ1) IX≥η.
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Oscillating Black-Scholes formula

Here s = (sign (η) + 1) /2, and

A0 (t,X , η, σ0, σ1)
= Θ(−1,1)

(√
σ21−s t, |X |

)
−Θ(−1,1)

(√
σ21−s t, (2s − 1) (2η − X )

)
+ σ2s
(σ2s−σ21−s)

Θ̄(1,2)
(√

σ21−s t, (2s − 1) (2η − X )
)

− σ20σ21
4(σ2s−σ21−s)

Θ(1,1)
(√

σ2s t, 0
)
∗Θ(0,1)

(√
σ21−s t, (2s − 1) (2η − X )

)
,

A1 (t,X , η, σ0, σ1)
= σ20σ21

4(σ2s−σ21−s)

(
Θ(1,1)

(√
σ21−s t, |η|

)
∗Θ(0,1)

(√
σ2s t, (2s − 1) (X − η)

)
−Θ(0,1)

(√
σ21−s t, |η|

)
∗Θ(1,1)

(√
σ2s t, (2s − 1) (X − η)

))
.
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Oscillating Black-Scholes formula

The corresponding Θ have the form

Θ̄(1,2) (Y ,Z ) = Θ(−1,1) (Y ,Z ) + 1
4Y

2Θ(1,1) (Y ,Z )− 1
2ZΘ(0,1) (Y ,Z ) ,

Θ(1,1) (Y ,Z ) = F
(
− Z
Y ,

Y
2

)
− F

(
− Z
Y ,−

Y
2

)
+ 4

Y e
− Y 2

8 n
( Z
Y

)
,

Θ(0,1) (Y ,Z ) = F
(
− Z
Y ,

Y
2

)
+ F

(
− Z
Y ,−

Y
2

)
,

Θ(−1,1) (Y ,Z ) = F
(
− Z
Y ,

Y
2

)
− F

(
− Z
Y ,−

Y
2

)
,

Here Y =
√

σ2t.
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The multi-layer case

We can also solve Lipton’s equation (2002) with multi-variate
volatility,

Dt −
1
2

σ2
(
DXX −

1
4
D
)
= 0, D (0,X ) = e−

1
2 |X |.

Here

σ (X ) =
{

σ̄n, X ∈ Īn =
(
η̄n+1, η̄n

∣∣ ,
σn, X ∈ In =

(
ηn, ηn+1

∣∣ .
The points where the local volatility jumps have the form,

η̄N̄+1 = −∞ < η̄N̄ < ... < η̄n < ... < η̄1 < η̄0 = 0
0 = η0 < η1 < ... < ηn < ... < ηN < ηN+1 = ∞.
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