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a  b  s  t  r  a  c  t

We  consider  a  structural  default  model  in  an  interconnected  banking  network  as  in [1],  with  mutual
obligations  between  each  pair  of  banks.  We  analyse  the  model  numerically  for  two  banks  with  jumps
in  their  asset  value  processes.  Specifically,  we  develop  a finite  difference  method  for  the  resulting
two-dimensional  partial  integro-differential  equation,  and  study  its stability  and  consistency.  We  then
compute  joint  and  marginal  survival  probabilities,  as  well  as  prices  of  credit default  swaps  (CDS),  first-to-
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ump-diffusion
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default  swaps  (FTD),  Credit  and  Debt  Value  Adjustments  (CVA  and  DVA).  Finally,  we calibrate  the model
to  market  data  and  assess  the  impact  of  jump  risk.

© 2017  Published  by  Elsevier  B.V.
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. Introduction

The estimation and mitigation of counterparty credit risk has
ecome a pillar of financial risk management. The impact of
uch risks on financial derivatives is explicitly acknowledged by

 valuation adjustment. For an exposition of the background and
athematical models we refer the reader to [2]. Although reduced-

orm models provide for a more direct simulation of default events
nd are commonly used in financial institutions, we  follow here a
tructural approach which maps the capital structure of a bank into
tochastic processes for equity and debt, and models default as the
itting of a lower barrier, as in [3]. An extensive literature review
f further developments of this model is given in [4].

A recent approach to systemic risk computation in a structural
ramework can be found in [5], where the authors use a factor model
ith general Lévy processes. Then certain expectations and survival
robabilities conditional on common factors are evaluated by fast

Fourier or Hilbert) transform methods, and the outer expectation
ia Monte Carlo sampling of the factor processes.
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E-mail addresses: vadim.kaushansky@maths.ox.ac.uk (V. Kaushansky),
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A particular concern to regulators and central banks is the
impact of default of an entity on the financial system – credit conta-
gion. Of the various channels of such systemic risk described in [6],
we focus here on dependencies through asset correlation and inter-
bank liabilities. Specifically, we consider the extended structural
default model introduced in [1], where asset values are assumed
to follow stochastic processes with correlated diffusion and finite-
activity jump components, and where mutual liabilities can lead to
default cascades.

Itkin and Lipton [7] consider the model without jumps and
obtain explicit expressions for several quantities of interest includ-
ing the joint and marginal survival probabilities as well as CDSs
and FTD prices. They demonstrate that mutual liabilities can have
a large impact on the survival probabilities of banks. Thus, a shock
of one bank can cause ripples through the whole banking system.

We focus here on the numerical computation of survival
probabilities and credit products in the extended model with
jumps, where closed-form expressions are no longer available.
Our work is therefore most similar to [8], who develop a finite
difference method for the resulting partial integro-differential
equation (PIDE) where the integral term results from a fairly gen-
eral correlated Lévy process in the jump component. By Strang
splitting into the diffusion and jump operators, overall second

order consistency in the timestep is obtained. Hereby, the multi-
dimensional diffusion operator is itself split dimensionwise using
the Hundsdorfer–Verwer (HV) scheme, and the jump operator is
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reated as a pseudo-differential operator, which allows efficient
valuation of the discretized operator by an iterative procedure.
tability of each of the steps is guaranteed under standard condi-
ions.

Our approach is more straightforward in that we  apply a mod-
fication of the HV scheme directly, where we treat the jump term
n the same way as the cross-derivative term in the classical HV
cheme. For the analysis we consider infinite meshes, i.e., ignoring
he boundaries, such that the discrete operators are also infinite-
imensional. In our analysis we build heavily on the results in [9]
n stability of the PDE with cross-derivatives (but no integral term)
nd periodic boundary conditions on a finite mesh.

We show that the (unconditional) von Neumann stability of the
cheme is not materially affected by the jump operator, as its con-
ribution to the symbol of the scheme is of a lower order in the

esh size. For concreteness, we restrict ourselves to the model
ith negative exponential jumps described in [1]. This allows a

imple recursive computation of the discrete jump operator and
ives an explicit form of its eigenvalues. However, the analysis can
n principle be extended to other jump size distributions.

A survey of splitting methods in finance is found in [10]. These
re roughly arranged in two groups: splitting by dimension (for
ulti-dimensional PDEs; such as in [9]), and splitting by operator

ype (for PIDEs, diffusion and jumps; such as in [11]). Itkin and
ipton [8] perform these two splittings successively as described
bove. To our knowledge, the present paper is the first to perform
nd analyse splitting into dimensions and jumps simultaneously.

The scheme is constructed to be second order consistent with
he continuous integro-differential operator applied to smooth
unctions. However, the discontinuities in the data lead to empir-
cally observed convergence of only first order in both space and
ime step. To address this, we apply a spatial smoothing tech-
ique discussed in [12] for discontinuous option payoffs in the
ne-dimensional setting, and a change of the time variable to
quare-root time (see [13]), equivalent to a quadratically refined
ime mesh close to maturity, in order to restore second order con-
ergence. We  emphasize that the presence of discontinuous initial
ata is essential to the nature of P(I)DE models of credit risk. Hence
his approach improves on previous works in a key aspect of the
umerical solution.

Similar to [7], we restrict the analysis to the two-dimensional
ase, but there is no fundamental problem in extending the method
o multiple dimensions. However, due to the curse of dimen-
ionality, for more than three-dimensional problems, standard
nite-difference methods are computationally too expensive. The
wo-dimensional case already allows us to investigate various
mportant model characteristics, such as joint and marginal sur-
ival probabilities, prices of credit derivatives, credit and debt value
djustments, and specifically the impact of mutual obligations.

In this paper, we consider both unilateral and bilateral counter-
arty risk as discussed in [14]. For the unilateral case, the model
ith two banks is considered, where one is a reference name and

he other is either a protection buyer or a protection seller, while for
he bilateral case, reference name, protection seller, and protection
uyer are considered together, which leads to a three-dimensional
roblem. We  give the equations in the Appendix, but do not include
omputations.

Moreover, we provide a calibration of the model with negative
xponential jumps to market data, and for this calibrated model
ssess the impact of mutual obligations on survival probabilities.

The rest of the paper is organized as follows. In Section 2, we
ormulate the model for two banks with jumps, which is a simpli-

ed formulation of [1] for two banks only. Then, we briefly discuss
ow to compute various model characteristics. In Section 3 we pro-
ose a numerical scheme for a general pricing problem; we  further
rove its stability and consistency. In Section 4 we provide numer-
tional Science 24 (2018) 218–231 219

ical results for various model characteristics computed with the
numerical scheme from Section 3. In Section 5 we calibrate the
model to the market, and in Section 6 we conclude.

2. Model

We consider the model in [1] for two  banks. Assume that the
banks have external assets and liabilities, Ai and Li respectively, for
i = 1, 2, and interbank mutual liabilities L12 and L21, where Lij is the
amount the i-th bank owes to the j-th bank. Then, the total assets
and liabilities for banks 1 and 2 are

Ã1 = A1 + L21, L̃1 = L1 + L12,

Ã2 = A2 + L12, L̃2 = L2 + L21.
(1)

2.1. Dynamics of assets and liabilities

As in [1], we  assume that the firms’ asset values before default
are governed by

dAi
Ai

= (� − �i�i(t)) dt + �i dWi(t) + (eJi − 1) dNi(t), i = 1, 2, (2)

where � is the deterministic growth rate, and, for i = 1, 2, �i are
the corresponding volatilities, Wi are correlated standard Brownian
motions,

dW1(t)dW2(t) = � dt, (3)

with correlation �, Ni are Poisson processes independent of Wi, �i
are the intensities of jump arrivals, Ji are random negative expo-
nentially distributed jump sizes with probability density function

ω̃i(s) =
{

0, s > 0,

ϑie
ϑis, s ≤ 0,

(4)

with parameters ϑi > 0, and �i are jump compensators

�i = E[eJi − 1] = − 1
ςi + 1

.  (5)

The jump processes are correlated in the spirit of [15]. Consider
independent Poisson processes N{1}(t), N{2}(t) and N{12}(t), with
the corresponding intensities �{1}, �{2} and �{12}. Then, we  define
the processes N1(t) and N2(t) as

Ni(t) = N{i}(t) + N{12}(t), i = 1, 2,

�i = �{i} + �{12},
(6)

i.e., there are both systemic and idiosyncratic sources of jumps.
We assume that the liabilities are deterministic and have the

following dynamics

dLi
Li

= � dt,
dLij
Lij

= � dt, (7)

where � is the same growth rate as defined in (2). For pricing pur-
poses, under the risk-neutral measure, we  consider � as a risk-free
short rate. In the following, we take for simplicity � = 0, but the
analysis would not change significantly for � /= 0.

2.2. Default boundaries

Following [1], we introduce time-dependent default boundaries

i(t). Bank i is assumed defaulted if its asset value process crosses

its default boundary, such that the default time for bank i is

�i = inf{t|Ai(t) ≤ 
i}, i = 1, 2, (8)

and we define � = min(�1, �2).
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Before any of the banks i = 1, 2 has defaulted, t < �,

i =
{
Ri(Li + Liī) − Līi ≡ 
<

i
, t < T,

Li + Liī − Līi ≡ 
=
i
, t = T,

(9)

here 0 ≤ Ri ≤ 1 is the recovery rate and ī = 3 − i.
If the kth bank defaults at intermediate time t, then for the sur-

iving bank k̄ = 3 − k the default boundary changes to 
k̄(t+) =
˜
k̄(t), where

˜
k̄ =
{
Rk̄(Lk̄ + Lk̄k − RkLkk̄) ≡ 
̃<

k
, t < T,

Lk̄ + Lk̄k − RkLkk̄ ≡ 
̃=
i
, t = T.

(10)

t is clear that for �
k(t) ≡ 
k(t +) − 
k(t) we have


k ≡ 
̃k − 
k =
{

(1 − Rk̄Rk)Lkk̄, t < T,

(1 − Rk)Lkk̄, t = T.
(11)

hus, �
k > 0 and the corresponding default boundaries move to
he right. This mechanism can therefore trigger cascades of defaults.

.3. Terminal conditions

We  need to specify the settlement process at time t = T. We
hall do this in the spirit of [16]. Since at time T full settlement is
xpected, we assume that bank i will pay the fraction ωi of its total
iabilities to creditors. This implies that if ωi = 1 the bank pays all
iabilities (both external and interbank) and survives. On the other
and, if 0 < ωi < 1, bank i defaults, and pays only a fraction of its lia-
ilities. Thus, we can describe the terminal condition as a system
f equations

in
{
Ai(T) + ωīLīi, Li + Liī

}
= ωi

(
Li + Liī

)
. (12)

here is a unique vector ω = (ω1, ω2)T such that the condition (12)
s satisfied. See [1,7] for details.

.4. Formulation of backward Kolmogorov equation

For convenience, we introduce normalized dimensionless vari-
bles

¯
 = 2t, Xi =



�i
ln

(
Ai

<
i

)
, �̄i =

�i
2
, (13)

here

 = √
�1�2.

enote also

i = −
(
�i

2
+ �i�̄i

)
, �i =



�i
. (14)

pplying Itô’s formula to Xi, we find its dynamics

Xi = �i dt̄ + dWi(t̄) + �iJi dNi(t̄). (15)

n the following, we omit bars for simplicity.
The default boundaries change to

i =

⎧⎪⎨⎪
�<
i

= 0, t < T,

= 
(

=
i

(t)
)

(16)
⎩�i =
�i

ln

<
i

(t)
, t = T.

Assume that the terminal payoff for a contract is  (XT). Then,
he value function is given by
tional Science 24 (2018) 218–231

V(x, t) = E[ (XT ) · 1{�≥T} +
∫ T

t

�(s, Xs) · 1{�>s} ds

+�0,1(�1, X2(�1)) · 1{�1<T} + �0,2(�2, X1(�2)) · 1{�2<T}|X(t) = x], (17)

where �(�, x) is the contract payment at an intermediate time
t ≤ s ≤ T (for example, coupon payment), and �0,1(t, X2(t)) and �0,2(t,
X1(t)) are the payoffs in case of intermediate default of bank 1 or 2,
respectively.

Then, according to the Feynman–Kac formula, the correspond-
ing pricing equation is the Kolmogorov backward equation

∂V
∂t

+ LV = �(t, x), (18)

V(t, 0, x2) = �0,1(t, x2), V(t, x1, x2) −→
x1→+∞

�∞,1(t, x2), (19)

V(t, x1, 0) = �0,2(t, x1), V(t, x1, x2) −→
x2→+∞

�∞,2(t, x1), (20)

V(T, x) =  (x), (21)

with the Kolmogorov backward operator

Lf  = 1
2
fx1x1 + �fx1x2 + 1

2
fx2x2 + �1fx1 + �2fx2 + �1J1f + �2J2f

+�12J12f − vf = ��f + � · ∇f + Jf − vf, (22)

where v = �1 + �2 + �12 and

J1f (x) = ς1

∫ x1

0

f (x1 − u, x2)e−ς1udu, (23)

J2f (x) = ς2

∫ x2

0

f (x1, x2 − u)e−ς2udu, (24)

J12f (x) = J1J2f (x) = ς1ς2

∫ x1

0

∫ x2

0

f (x1 − u, x2 − v)e−ς1u−ς2vdudv, (25)

and �∞,i(t, x3−i) is the solution assuming that the bank i is default-
free, ςi = �iϑi/,  and �0,i, �∞,i are given.

In the following, we formulate the Kolmogorov backward equa-
tion for specific quantities.

2.5. Joint and marginal survival probabilities

The joint survival probability is the probability that both banks
do not default by the terminal time T and given by

Q (t, x) = E[1{�≥T,X1(T)≥�=
1
,X2(T)≥�=

2
}|X(t) = x]. (26)

Then, applying (18)–(21) with  (x) = 1{x1≥�=
1
,x2≥�=

2
} and �(t, x) = 0,

we get

∂Q
∂t

+ LQ = 0,

Q (t, x1, 0) = 0, Q (t, 0, x2) = 0,

Q (T, x) = 1{x1≥�=
1
,x2≥�=

2
}.

(27)

The marginal survival probability for the first bank is the prob-
ability that the first bank does not default by the terminal time T,

q1(t, x) = E[1{�≥T,XT ∈ (D1∪D12)} + �(�2, X1(�2)) · 1{�2<T}|X(t) = x],

(28)
where D12 is the set where both banks survive at the terminal time,
D1 is the set where only the first bank survives, and �(�2, X1(�2)) is
the one-dimensional survival probability with the modified bound-
aries.
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Then, applying (18)–(21) with  (x) = 1{x ∈ (D1∪D12)}, �(t, x) = 0,
e get

∂

∂t
q1(t, x) + Lq1(t, x) = 0,

q1(t, 0, x2) = 0, q1(t, x1, 0) = �(t, x1) =

{
�1,0(t, x1), x1 ≥ �̃<1 ,

0, x1 < �̃<1 ,

q1(t, ∞,  x2) = 1, q1(t, x1, ∞)  = �1,∞(t, x1),

q1(T, x) = 1{x ∈ (D1∪D12)}.

(29)

he function �1,0(t, x1) is the 1D survival probability, which solves
he following boundary value problem

∂
∂t
�1,0(t, x1) + L1�1,0(t, x1) = 0,

�1,0(t, �̃<1 ) = 0, �1,0(t, ∞)  = 1,

�1,0(T, x1) = 1{x1> �̃=
1

},

(30)

here

1f = 1
2
∂2

∂x2
1

f + �1
∂
∂x1

f + �1J1f − �1f.

Accordingly, �1,∞(t, x1) is the 1D survival probability that solves
he following boundary value problem

∂
∂t
�1,∞(t, x1) + L1�1,∞(t, x1) = 0,

�1,∞(t, 0) = 0, �1,∞(t, ∞)  = 1,

�1,∞(T, x1) = 1{x1>�
=
1

}.

(31)

e formulate the pricing problems for CDS, FTD, CVA and DVA in
ppendix A.

. Numerical scheme

We  shall solve the PIDE (18)–(21) numerically with an Alternat-
ng Direction Implicit (ADI) method. The scheme is a modification
f [4] that is unconditionally stable and has second order of con-
ergence in both time and space step.

In order to deal with a forward equation instead of a backward
quation, we change the time variable to � = T − t, so that

∂V
∂�

= LV(�, x1, x2) − �(�, x1, x2),

V(�, 0, x2) = �0,1(�, x2), V(�, x1, x2) −→
x1→+∞

�∞,1(�, x2),

V(�, x1, 0) = �0,2(�, x1), V(�, x1, x2) −→
x2→+∞

�∞,2(�, x1),

V(0, x1, x2) =  (x1, x2).

(32)

We consider the same grid for integral and differential part of
he equation

0 = x0
1 < x1

1 < · · · < xm1
1 ,

0 = x0
2 < x1

2 < · · · < xm2
2 ,

(33)

here xm1
1 and xm2

2 are large positive numbers.
The grid is non-uniform, and is chosen such that relatively many

oints lie near the default boundaries for better precision. We  use
 method similar to [17] to construct the grid.

.1. Discretization of the integral part of the PIDE
In this section, we shall show how to deal with the integral part
f the PIDE, and develop an iterative algorithm for the fast compu-
ation of the integral operator on the grid. To this end, we outline
he scheme from [4] and then give a new method.
tional Science 24 (2018) 218–231 221

The first approach is to deal with the integral operators directly.
After the approximation of the integral, we get [4]

J1V(x1 + h, x2) = e−ς1hJ1V(x1, x2) + ω0(ς1, h)V(x1, x2)

+ω1(ς1, h)V(x1 + h, x2) + O(h3), (34)

J2V(x1, x2 + h) = e−ς2hJ2V(x1, x2) + ω0(ς2, h)V(x1, x2)

+ω1(ς2, h)V(x1, x2 + h) + O(h3), (35)

where

ω0(ς, h) = 1 − (1 + ςh)e−ςh

ςh
,  ω1(ς, h) = −1 + ςh + e−ςh

ςh
.

We can also approximate J12V = J1J2V by applying above
approximations for J1 and J2 consecutively.

Consider the grid

0 = x0
1 < x1

1 < · · · < xm1
1 ,

0 = x0
2 < x1

2 < · · · < xm2
2 ,

(36)

where xm1
1 and xm2

2 are large positive numbers.
Then, we can write recurrence formulas for computing the inte-

gral operator on the grid. Denote Ji,j1 , Ji,j2 , Ji,j12 the corresponding

approximations of J1V(xi1, xj2), J2V(xi1, xj2), J12V(xi1, xj2) on the grid.
Applying (34) and (35) we get

Ji+1,j
1 = e

−ς1h
1
i+1 Ji,j1 + ω0(ς1, h1

i+1)V(xi1, xj2)

+ω1(ς1, h1
i+1)V(xi+1

1 , xj2), (37)

Ji,j+1
2 = e

−ς2h
2
j+1 Ji,j2 + ω0(ς2, h2

j+1)V(xi1, xj2)

+ω1(ς2, h2
j+1)V(xi1, xj+1

2 ), (38)

where h1
i+1 = xi+1

1 − xi1, h2
j+1 = xj+1

2 − xj2.
For an alternative method, we  rewrite the integral operator as a

differential equation

∂
∂x1

(J1V(x1, x2)eς1x1 ) = ς1V(x1, x2)eς1x1 , (39)

∂
∂x2

(J2V(x1, x2)eς2x2 ) = ς2V(x1, x2)eς2x2 , (40)

∂2

∂x1∂x2
(J12V(x1, x2)eς1x1+ς2x2 ) = ς1ς2V(x1, x2)eς1x1+ς2x2 . (41)

Then, we apply the Adams–Moulton method of second order which
gives us third order of accuracy locally [18]

Ji+1,j
1 = e

−ς1h
1
i+1 Ji,j1 + 1

2
h1
i+1e

−ς1h
1
i+1ς1V(xi1, xj2)

+1
2
h1
i+1ς1V(xi+1

1 , xj2), (42)

Ji,j+1
2 = e

−ς2h
2
j+1 Ji,j2 + 1

2
h2
j+1e

−ς2h
2
j+1ς2V(xi1, xj2)

1 2 i j+1
+
2
hj+1ς2V(x1, x2 ), (43)

where h1
i+1 = xi+1

1 − xi1, h2
j+1 = xj+1

2 − xj2, and is equivalent to the
trapezoidal rule.
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We  can rewrite (42)–(43) in the same notation as (37)–(38) by
efining

0(ς, h) = 1
2
he−ςhς, ω1(ς, h) = 1

2
hς.

o,

Ji+1,j
1 = e

−ς1h
1
i+1 Ji,j1 + ω0(ς1, h1

i+1)V(xi1, xj2) + ω1(ς1, h1
i+1)V(xi+1

1 , xj2)

Ji,j+1
2 = e

−ς2h
2
j+1 Ji,j2 + ω0(ς2, h2

j+1)V(xi1, xj2) + ω1(ς2, h2
j+1)V(xi1, xj+1

2 )

As a result we get explicit recursive formulas for approximations
f J1V and J2V that can be computed for all grid points via O(m1m2)
perations. Both methods give the same order of accuracy. As was
iscussed above, in order to compute the approximation of J12V we
an apply consecutively the approximations of J2V and J1(J2V).
o, we have the two-step procedure:

Ii+1,j
12 = e

−ς1h
1
i+1 Ii,j12 + ω0(ς1, h1

i+1)V(xi1, xj2)

+ω1(ς1, h1
i+1)V(xi+1

1 , xj2), (44)

nd

i,j+1
12 = e

−ς2h
2
j+1 Ji,j12 + ω0(ς2, h2

j+1)Ii,j12 + ω1(ς2, h2
j+1)Ii,j+1

12 . (45)

sing this two-step procedure, we can also compute an approxi-
ation of J12V on the grid in complexity O(m1m2).
We shall subsequently analyze the stability of the second

ethod and use it in the numerical tests. The results for the first
ethod would be very similar.
For the implementation, computing and storing a matrix repre-

entation of the jump operator is not necessary, since the operator
an be computed iteratively as described above, but we shall use
atrix notation for the analysis. We  henceforth denote J1, J2, and J12

he matrices of the discretized jump operators. From (37)–((38)) we
an find that the matrices J1 and J2 are lower-triangular with diag-
nal elements w1 = ω1(ς1, h1) and w2 = ω1(ς2, h2). Then, J12 = J1J2
s also a lower-triangular matrix with diagonal elements w1w2. To
llustrate, in Fig. 1 we plot the sparsity patterns in J1, J2, and J12.

.2. Discretization of the differential part of the PIDE

Now consider the approximation of derivatives in the differen-
ial operator on a non-uniform grid. We  use the standard derivative
pproximation [19,20]. For the first derivative over each variable
onsider right-sided, central, and left-sided schemes. So, for the
erivative over x1 we have:

∂V
∂x1

(xi1, xj2) ≈ ˛1
i,−2V(xi−2

1 , xj2) + ˛1
i,−1V(xi−1

1 , xj2) + ˛1
i,0V(xi1, xj2),

(46)

∂V
∂x1

(xi1, xj2) ≈ ˇ1
i,−1V(xi−1

1 , xj2) + ˇ1
i,0V(xi1, xj2) + ˇ1

i,1V(xi+1
1 , xj2),

(47)

∂V
∂x1

(xi1, xj2) ≈ �1
i,0V(xi1, xj2) + �1

i,1V(xi+1
1 , xj2) + �1

i,2V(xi+2
1 , xj2), (48)

hile for derivative over x we have:
2

∂V
∂x2

(xi1, xj2) ≈ ˛2
j,−2V(xi1, xj−2

2 ) + ˛2
j,−1V(xi1, xj−1

2 ) + ˛2
j,0V(xi1, xj2),

(49)
tional Science 24 (2018) 218–231

∂V
∂x2

(xi1, xj2) ≈ ˇ2
j,−1V(xi1, xj−1

2 ) + ˇ2
j,0V(xi1, xj2) + ˇ2

j,1V(xj1, xj+1
2 ),

(50)

∂V
∂x2

(xi1, xj2) ≈ �2
j,0V(xi1, xj2) + �2

j,1V(xi1, xj+1
2 ) + �2

j,2V(xi1, xj+2
2 ),

(51)

with coefficients

˛k
i,−2

=
�xi

k

�xi−1
k

(�xi−1
k

+ �xi
k
)
, ˛k

i,−1 =
−�xi−1

k
− �xi

k

�xi−1
k
�xi

k

, ˛k
i,0 =

�xi−1
k

+ 2�xi
k

�xi
k
(�xi−1

k
+ �xi

k
)
,

ˇk
i,−1

=
−�xi+1

k

�xi
k
(�xi

k
+ �xi+1

k
)
, ˇk

i,0 =
�xi+1

k
− �xi

k

�xi
k
�xi+1

k

, ˇk
i,1 =

�xi
k

�xi+1
k

(�xi
k

+ �xi+1
k

)
,

�k
i,0

=
−2�xi+1

k
− �xi+2

k

�xi+1
k

(�xi+1
k

+ �xi+2
k

)
, �k

i,1 =
�xi+1

k
+ �xi+2

k

�xi+1
k
�xi+2

k

, �k
i,2 =

−�xi+1
k

�xi+2
k

(�xi+1
k

+ �xi+2
k

)
.

For the boundaries at 0 we use the schemes (46) and (49), for the
right boundaries at xm1

1 and xm2
2 we use the schemes (48) and (51),

and for other points we use the central schemes (47) and (50).
To approximate the second derivative we use the central

scheme:

∂2
V

∂x2
1

(xi1, xj2) ≈ ı1
i,−1V(xi−1

1 , xj2) + ı1
i,0V(xi1, xj2) + ı1

i,1V(xi+1
1 , xj2),

(52)

∂2
V

∂x2
2

(xi1, xj2) ≈ ı2
j,−1V(xi1, xj−1

2 ) + ı2
j,0V(xi1, xj2) + ı2

j,1V(xj1, xj+1
2 ),

(53)

with coefficients

ıki,−1 = 2

�xi
k
(�xi

k
+ �xi+1

k
)
, ıki,0 = −2

�xi
k
�xi+1

k

,

ıki,1 = 2

�xi+1
k

(�xi
k

+ �xi+1
k

)
,

and to approximate the second mixed derivative we  use the
scheme:

∂2
V

∂x1∂x2
(xi1, xj2) ≈

1∑
k,l=−1

ˇ1
i,kˇ

2
j,lV(xi+k1 , xj+l2 ). (54)

As a result, we can approximate the differential operator DV by
a discrete operator

DV = D1V + D2V + D12V, (55)

where D1V contains the discretized derivatives over x1 defined in
(46)–(48) and (52), D2V contains the discretized derivatives over
x2 defined in (49)–(51) and (53), and D12V contains the discretized
mixed derivative defined in (54).

By straightforward but lengthy Taylor expansion of the expres-
sion in (46)–(54), the scheme (59) has second order truncation
error in variables x1 and x2 for meshes which are either uniform
or smooth transformations of such meshes, as we shall consider
later.
3.3. Time discretization: ADI scheme

After discretization over (x1, x2) we  can rewrite PIDE (32) as
a system of ordinary (linear) differential equations. Consider the
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Fig. 1. Sparsity pattern of J1, J2, and J12. Here, m1 = m2 = 2

ector U(t) ∈ R
m1m2×1 whose elements correspond to V(t, xi1, xj2).

hen

U ′(t) = ÃU(t) + b(t),

U(0) = U0,
(56)

here Ã = D1 + D2 + D12 + �1J1 + �2J2 + �12J12 − (�1 + �2 + �12)I,
nd b(t) is determined from boundary conditions and the right-
and side.

To solve this system, we apply an ADI scheme for the time dis-
retization. Consider, for simplicity, a uniform time mesh with time
tep �t  : tn = n�t, n = 0, . . .,  N − 1.

We  decompose the matrix Ã into three matrices, Ã = Ã0 + Ã1 +
˜2, where

Ã0 = D12 + �1J1 + �2J2 + �12J12,

Ã1 = D1 −
(
�1 + �12

2

)
I,

Ã2 = D2 −
(
�2 + �12

2

)
I,

nd b(t) = b0(t) + b1(t) + b2(t), where b0(t) corresponds to the right-
and side and the FD discretization of the mixed derivatives on the
oundary, b1(t) and b2(t) correspond to the FD discretization of the
erivatives over x1 and x2 on the boundary.

Now we can apply a traditional ADI scheme with matrices Ã0, Ã1,
nd Ã2. We choose the Hundsdorfer–Verwer (HV) scheme [21,p.
00] in order to have second order accuracy in the time variable, and
nconditional stability, as we shall prove below. For convenience,
enote

j(t, x) = Ãjx + bj(t), j = 0, 1, 2, (57)

(t, x) = (Ã0 + Ã1 + Ã2)x + (b0(t) + b1(t) + b2(t)), (58)

nd apply the Hundsdorfer–Verwer (HV) scheme:

Y0 = Un−1 + �tF(tn−1, Un−1),

Yj = Yj−1 + ��t(Fj(tn, Yj) − Fj(tn−1, Un−1)), j = 1, 2,

Ỹ0 = Y0 + ��t(F(tn, Y2) − F(tn−1, Un−1)),

Ỹj = Ỹj−1 + ��t(Fj(tn, Ỹj) − Fj(tn, Y2)), j = 1, 2,

(59)
Un = Ỹ2.

In this scheme, parts that contain F1 and F2 are treated implic-
tly. The matrix Ã1 is tridiagonal and Ã2 is block-tridiagonal and can
 nz is the number of non-zero elements of the matrices.

be inverted via O(m1m2) operations. As a result, the overall com-
plexity is O(m1m2) for a single time step or O(Nm1m2) for the whole
procedure.

Moreover, the scheme has second order of consistency in both
(x1, x2) and t for any given � and � = 1

2 .

3.4. Stability analysis

In this section, we consider the PIDE (32) with zero boundary
conditions at 0 in both directions and on a uniform grid, such that
Fj(t, x) = Ãjx and⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Y0 = Un−1 + �tÃUn−1,

Yj = Yj−1 + ��t(ÃjYj − ÃjUn−1), j = 1, 2,

Ỹ0 = Y0 + ��t(ÃY2 − ÃUn−1),

Ỹj = Ỹj−1 + ��t(ÃjỸj − ÃjY2), j = 1, 2,

Un = Ỹ2.

(60)

For convenience, we denote by F : Un = FUn−1.
We further consider the PIDE on R

2, i.e., without default bound-
aries. Hence, we assume that diffusion and jump operators are
discretized on an infinite, uniform mesh {(j1h1, j2h2), (j1, j2) ∈ Z

2},
such that, e.g., D1, D2, D12, J1, J2 are infinite matrices. This is differ-
ent to [9], where finite matrices and periodic boundary conditions
(without integral terms) are considered.

We use von Neumann stability analysis, as first introduced by
Charney et al. [22], by expanding the solution into a Fourier series.
Hence, we  shall show that the proposed scheme (60) is uncondi-
tionally stable, i.e., we will show that all eigenvalues of the operator
F have moduli bounded by 1 plus an O(�t) term, where the corre-
sponding eigenfunctions are given by exp(i�1j1) exp(i�2j2), with �1
and �2 the wave numbers and j1 and j2 the grid coordinates.

In ’t Hout and Welfert [9] show that when all matrices com-
mute (as in the PDE case with periodic boundary conditions), the
eigenvalues for F are given by

T(z̃0, z̃1, z̃2) = 1 + 2
z̃0 + z̃
p

− z̃0 + z̃
p2

+ �
(z̃0 + z̃)2

p2
with

p = (1 − �z̃1)(1 − �z̃2),

(61)
where z̃j = �̃j�t,  where �̃j is an eigenvalue of Ãj , j = 0, 1, 2, z̃ =
z̃1 + z̃2, � ≥ 0.

The analysis is made slightly more complicated in our case
through the presence of the jump operators. In the remainder of
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his section, we show that stability is still given under the same
onditions on � and � as in the purely diffusive case. For the cor-
espondence of notation with [9], we denote A = A0 + A1 + A2, where
0 = D12, A1 = D1, A2 = D2 and �0, �1, and �2 are the eigenvalues
f the corresponding matrices. Similar to z̃0, z̃1, and z̃2, we define
caled eigenvalues z0 = �0�t,  z1 = �1�t, z2 = �2�t.

We  have the eigenvalues �̃j of Ãj given by

˜ 0 = �0 + �1w1 + �2w2 + �12w12, (62)

˜ 1 = �1 −
(
�1 + �12

2

)
, (63)

˜ 2 = �2 −
(
�2 + �12

2

)
, (64)

here �j is an eigenvalue of Aj, and w1, w2, and w12 are eigenval-
es of J1, J2, and J12. Denote z = z1 + z2, s1 = w1�t,  s2 = w2�t,  s12 =
12�t  and s0 = �1s1 + �2s2 + �12s12.

Multiplying (62)–(64) by �t, we have

˜0 = z0 + s0, (65)

˜1 = z1 −
(
�1 + �12

2

)
�t,  (66)

˜2 = z2 −
(
�2 + �12

2

)
�t. (67)

heorem 1 ([9], Theorem 3.2). Assume z0, z1, z2 real and z1 ≤ 0,
2 ≤ 0, |z0| ≤ 2

√
z1z2, where z0, z1, and z2 are the (scaled) eigenvalues

f A0, A1, and A2, and

1
2

≤ � ≤
(

1 +
√

2
2

)
�.

hen,

T(z0, z1, z2)| ≤ 1,

nd the Hundsdorfer–Verwer scheme (60) is stable in the purely dif-
usive case.

emma  1. The scaled eigenvalues of A0, A1, A2, J1, J2, J12 can be
xpressed as

0 = −�b[sin �1 sin �2], (68)

1 = −a1(1 − cos �1) + i�1q1 sin �1, (69)

2 = −a2(1 − cos �2) + i�2q2 sin �2, (70)

1 = �t  �1h1

(
1
2

+ exp(−h1�1 + i�1)
1 − exp(−h1�1 + i�1)

)
, (71)

2 = �t  �2h2

(
1
2

+ exp(−h2�2 + i�2)
1 − exp(−h2�2 + i�2)

)
, (72)

12 = s1s2/�t, (73)

here

1 = �t

h1
, q2 = �t

h2
, a1 = �t

h2
1

, a2 = �t

h2
2

, b = �t

h1h2
,

nd �j ∈ [0, 2�] for j = 1, 2.

z0| ≤ 2
√
R(z1)R(z2).  (74)

roof. All six eigenvalues follow by insertion of the ansatz
 = exp(i�1j1) exp(i�2j2). For instance,
J1U)(j1, j2) = �1h1

(
1
2
U(j1, j2) +

∞∑
k=1

exp(−�1h1k)U(j1 − k, j2)

)
,

tional Science 24 (2018) 218–231

and the result follows by using the special form of U and evaluating
the geometric series.

Theorem 2. Consider 1
2 ≤ � ≤

(
1 +

√
2

2

)
�, and �1 = �2 = 0. Then

there exists c > 0, independent of �t  ≤ 1, h1 and h2, such that

1. |T(z̃0, z̃1, z̃2)| ≤ 1 + c�t, ∀�1, �2 ∈ [0,  2�], (75)
i.e., the scheme is von Neumann stable;

2. |Un|2 ≤ ecn�t |U0|2, ∀n ≥ 0, (76)

for |Un|2 = h1h2

(∑∞
j1,j2=−∞|Un(j1, j2)|2

)1/2
, i.e., the scheme is l2 sta-

ble.

Proof. First, we have that

|T(z0, z̃1, z̃2)| =
∣∣∣∣1 + 2

z0 + z̃
p

− z0 + z̃
p2

+ �
(z0 + z̃)2

p2

∣∣∣∣ ≤ 1,

where as before p = (1 − �z̃1)(1 − �z̃2) and z̃ = z̃1 + z̃2. This follows
from Theorem 1 because �1, �2 and �12 are positive and therefore
(74) is still satisfied with z1 and z2 replaced by z̃1 and z̃2.

We have

T(z̃0, z̃1, z̃2) = T(z0, z̃1, z̃2) + 2
s0
p

− s0
p2

+ �
2s0(z0 + z̃) + s20

p2
.

A simple calculation shows that |s0| ≤ c0�t  for a constant c0 (inde-
pendent of �t,  h1, h2, �1, �2; indeed, c0 = 2�1 + 2�2 + 4�12 works for
small enough h1, h2). Therefore, and because |p| ≥ 1, |z0 + z̃|/|p| ≤ c1
for a constant c1,∣∣∣∣2 s0p − s0

p2
+ �

2s0(z0 + z̃) + s20
p2

∣∣∣∣ ≤ c�t,

for any c ≥ (3 + 2�c1 + c0�)c0. From this the first statement follows.
We can now deduce part 2 by a standard argument. For the

discrete-continuous Fourier transform

l2(Z2) → L2(−�, �)2, U → Û, Û(�1, �2)

= h1h2

∑
j,k ∈ Z

U(j, k)e−i(j�1+k�2),

we have

Ûn+1(�1, �2) = T(z̃0, z̃1, z̃2)Ûn(�1, �2), ∀n ≥ 0.

Then, by Parseval,

|Un|22 = 1
4�2

|Ûn|2

= 1
4�2

1

h2
1h

2
2

∫ �

−�
|Ûn(�1, �2)|2 d�1 d�2

≤ 1
4�2

1

h2
1h

2
2

∫ �

−�
(1 + c�t)2n|Û0(�1, �2)|2 d�1 d�2

≤ e2cn�t 1
4�2

1

h2
1h

2
2

∫ �

−�
|Û0(�1, �2)|2 d�1 d�2

= e2cn�t |U0|22.
�

This (l2-)stability result together with second order consistency
implies (l2-)convergence of second order for all solutions which
are sufficiently smooth that the truncation error is defined and

bounded. In our setting, where the initial condition is discontinu-
ous, this is not given. Since the step function lies in the (l2-)closure
of smooth functions, convergence is guaranteed, but usually not
of second order. We  show this empirically in the next section and
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Table  1
Model parameters.
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Table 2
Jump intensities.

and liabilities Li. As in [4], the liabilities are computed as a ratio of
total liabilities and shares outstanding.

For the calibration we choose 1-year at-the-money, in-the-
money, and out-of-the-money equity put options on the banks, and
60 70 10 15 0.4 0.45 1 1 1 0.5 1 1

emonstrate how second order convergence can be restored prac-
ically.

.5. Discontinuous boundary and terminal conditions

It is well documented (see, e.g., [12]) that the spatial con-
ergence order of central finite difference schemes is generally
educed to one for discontinuous payoffs. Moreover, the time con-
ergence order of the Crank–Nicolson scheme is reduced to one due
o the lack of damping of high-frequency components of the error,
nd this behaviour is inherited by the HV scheme. We  address these
wo issues in the following way.

First, we smooth the terminal condition by the method of local
veraging from [12], i.e., instead of using nodal values of � directly,
e use the approximation

(xi1, xj2) ≈ 1
h1h2

∫ xj
2
+h2/2

xj
2
−h2/2

∫ xi
1
+h1/2

xi
1
−h1/2

�(�1, �2) d�1d�2.

or step functions with values of 0 and 1, this procedure attaches
o each node the fraction of the area where the payoff is 1, in a cell
f size h1 × h2 centred at this point.

We illustrate the convergence improvement on the example
f joint survival probabilities. Other quantities show a similar
ehaviour. The model parameters in the following tests are the
ame as in the next section, specifically Table 1.

We  choose � = 1
2 and � = 3

4 in the HV scheme.
The observed convergence with and without this smoothing

rocedure is shown in Fig. 2. We  choose the l2-norm for its close-
ess to the stability analysis – in the periodic case, Fourier analysis
ives convergence results in l2 – and the l∞-norm for its relevance
o the problem at hand, where we are interested in the solution
ointwise. The behaviour in the l1-norm is very similar.

Hereby, for a method of order p ≥ 1 we estimate the error by
xtrapolation as

QnX (x1, x2) − Q (x1, x2)| ≈ 1
2p − 1

|QnX (x1, x2) − QnX/2(x1, x2)|,

here Q is the exact solution, QnX the solution with nX mesh points,
nd the norms are computed by either taking the maximum over
esh points or numerical quadrature. Here, nT = 1000 is fixed.
The convergence is clearly of first order without averaging and

f second order with averaging.
Second, we modify the scheme using the idea from [13] by

hanging the time variable t̃  = √
t. This change of variables leads

o the new PDE

∂V
∂t̃

+ 2t̃LV = 2t̃�(t̃2, x),

nstead of (18), to which we apply the numerical scheme.
In Fig. 3, we show the convergence with and without time

hange, estimating the errors in a similar way to above, with
X = 800 fixed.
The convergence is clearly of first order without time change and
f second order with time change. We  took here T = 5 to illustrate
he effect more clearly.
�1 �2 �12

0.5 0.5 0.3

4. Numerical experiments

In this section, we analyze the model characteristics and the
impact of jumps. Specifically, we  compute joint and marginal sur-
vival probabilities, CDS and FTD spreads as well as CVA and DVA
depending on initial asset values. We  also compute the difference
between the solution with and without jumps.

Consider the parameters in Table 1.
For the model with jumps, we further consider the parameters

in Table 2.
We  compute all tests using a 100 × 100 spatial grid with

the maximum values X100
1 = X100

2 = 10 and constant time step
�� = 0.01. As the parameters of the HV scheme, we  choose � = 1

2
and � = 3

4 .
In Figs. 4–6 we present various model characteristics and com-

pare the results with and without jumps. From these figures, we
can observe that jumps can have a significant impact, especially
near the default boundaries:

• in Fig. 4 for the joint survival probability, the biggest impact of
jumps is around the default boundaries for both x1 and x2;

• in Fig. 5 for the marginal survival probability of the first bank, we
can observe that the biggest impact of jumps is near the default
boundary of the first bank;

• for the CDS spread, in Fig. 6(b), the biggest impact of jumps is also
seen near the default boundary, but it has the opposite direction,
because jumps can only increase the CDS spread;

• in Fig. 6(d) for FTD the spread, the biggest impact of jumps is near
both default boundaries, and it has a positive impact;

• finally, for CVA, (f), the highest impact of jumps is near the default
boundary of the first bank, see Fig. 6.

The computation time for each model characteristic on the cho-
sen grid is 1.5–1.7 s.2

5. Calibration

In this section we  present calibration results of the model. There
are eight unknown parameters, see (22)–(25): �1, �2, �, ς1, ς2, �1,
�2, �12. We  use CDS and equity put option prices (with different
strikes) as market data. If FTD contracts are available, one can use
them to estimate � and �12. Otherwise, historical estimation with
share prices time series can be used.

The data for external liabilities can be found in banks’ balance
sheets, which are publicly available. Usually, mutual liabilities data
are not public information, thus we made an assumption that they
are a fixed proportion of the total liabilities, which coincides with
[23]. In particular, we fix the mutual liabilities as 5% of total liabil-
ities.

The asset’s value is the sum of liabilities and equity price.
We choose Unicredit Bank as the first bank and Santander as the

second bank. In Table 3 we  provide their equity price Ei, assets Ai
2 We performed the scheme in Matlab on a PC with Intel Core i7 3.4Ghz (4 cores)
CPU.
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Fig. 2. Convergence analysis for l2- and l∞-norms of the error depending on the mesh size with fixed time-step.

Fig. 3. Convergence analysis for l2- and l∞-norms of the error depending on time-step with fixed mesh size.

Fig. 4. The joint survival probability: (a) value, (b) difference between model with and without jumps.



V. Kaushansky et al. / Journal of Computational Science 24 (2018) 218–231 227

Fig. 5. The marginal survival probability: (a) value, (b) difference between model with and without jumps.

Table 3
Assets and liabilities on 30/06/2015 (Bloomberg).
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Table 4
Calibrated parameters of one-dimensional models on 30/06/2015 for T = 1.

�1 �1 ς1 �2 �2 ς2

0.0117 0.1001 0.3661 0.0154 0.0160 0.0545

Table 5
Historically estimated correlation coefficients on 30/06/2015 with 1 year window.

� �{12}
E1(0) L1(0) A1(0) E2(0) L2(0) A2(0)

6.02 137.70 143.72 6.23 86.41 92.64

-year CDS contracts. Since the spreads of CDS are usually signifi-
antly lower than the option prices, we scale them by some weight
i in the objective function. As a result, we have the following
-dimensional minimization problem:

min
�

{w1(VCDS1 (�) − V̄CDS1 )
2 +

3∑
i=1

(Vopt1 (Ki,1, �) − V̄ opt1 (Ki,1))
2

+w2(VCDS2 (�) − V̄CDS2 )
2 +

3∑
i=1

(Vopt2 (Ki,2, �) − V̄ opt2 (Ki,2))
2}, (77)

here � = (�1, �2, �1, �2, ς1, ς2), VCDS
i

(�) is the model CDS spread
n the ith bank and V̄CDS

i
is the market CDS spread on the ith bank,

opt
1 (K, �) is the model price of the equity put option on the ith bank
ith the strike K and V̄ opt

i
(K) is the market price of the equity put

ption on the ith bank with strike K. Strikes K1,j, K2,j, and K3,j are
hosen in such a way to take into account the smile. In particular,
e choose K1,j = 1.1Ej, K2,j = Ej, K3,j = 0.9Ej.

Newton-type optimization methods are at best guaranteed to
onverge to a local minimum of (77) which need not be a global
inimum. On the other hand, globally convergent optimization
ethods such as the evolutionary calibration algorithm proposed

n [24] converge very slowly.
We  use a compromise by choosing as starting point for the

ewton-type method the approximate global optimizer, obtained
y Chebyshev interpolation, of a simplified model (without mutual

iabilities). This approach cannot be guaranteed to find the global
ptimizer of the full model under all circumstances (eg, for very
arge mutual liabilities), but gave good performance in practice.

Hence, first, we calibrate one-dimensional models for each bank
ithout mutual liabilities

min�j {wj(VCDSj (�j) − V̄CDSj )
2 + (Vopt

j
(K1,j, �j) − V̄ opt

j
(K1,j))

2

+(Vopt
j

(K2,j, �j) − V̄ opt
i

(K2,j))
2 + (Vopt

j
(K3,j, �j) − V̄ opt

j
(K3,j))

2},
(78)
Estimated value 0.510 0.0188
Confidence intervala (0.500, 0.526) (0.0182, 0.0194)

a We use a 3� confidence interval.

where �j = (�j, �j, ςj) for j = 1, 2.
The global minima of (78) can be found via the chebfun toolbox

[25] that uses Chebyshev polynomials to approximate the function.
We refer the reader to [26] for a rigorous treatment of Chebyshev
interpolation in parametric option pricing.

The calibration results of the one-dimensional model for the
first and the second banks are presented in Table 4. We  note that
the global minima of (77) cannot be found via the chebfun tool-
box, since it works with functions up to three variables. There are
also more fundamental complexity issues for higher-dimensional
tensor product interpolation.

Similar to [4], for simplicity, we  further assume that

�{12} = � · min(�1, �2). (79)

Then, we  estimate � from historical data. We  take one year daily
equity prices Ei(t) by time series (from Bloomberg) and estimate
the covariance of asset returns rit = �Ai(t)

Ai(t)
by

ĉov(A1, A2) =
n∑
i=1

(ri,1 − r̄1)(ri,2 − r̄2), (80)

where r̄1 and r̄2 are the sample mean of asset returns.
Using (2), we can see that (80) converges to

ĉov(A1, A2) −→
n→+∞

�1�2(� + �{12}/(ς1ς2)). (81)

Using the last equation and (79), we  can extract the estimated val-

ues of � and �{12}. The estimation results are in Table 5.

Finally, we perform a six-dimensional (constrained) optimiza-
tion of (77) with the starting point from Table 4 and correlation
parameters from Table 5. We  choose different alternatives of
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Fig. 6. Values of different credit products with left the value and right the difference between model with and without jumps. Top row: Credit Default Swap spread, written
on  the first bank. Middle row: First-to-Default spread. Bottom row: CVA of CDS, where the first bank is Reference name (RN) and the second bank is Protection Seller (PS).
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Table  6
Calibrated parameters of two-dimensional model with mutual liabilities on
30/06/2015 for T = 1.

Model �1 �1 ς1 �2 �2 ς2

With jumps 0.0122 0.0950 0.3958 0.0160 0.0148 0.0505
Without jumps 0.0206 – – 0.0317 – –

Table 7
Joint and marginal survival probabilities for the calibrated models.

Model Joint s/p Marginal s/p
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PB the loss caused by the first default.
With jumps 0.9328 0.9666
Without jumps 0.9717 0.9801

utual liabilities to have a clear picture how mutual liabilities influ-
nce model parameters. We  use the lsqnonlin method in Matlab
hat uses a Trust Region Reflective algorithm [27] (with the gradi-
nt computed numerically). The model CDS spreads are computed
sing the method in Section A.1, while equity option prices are
omputed in the usual finite-difference manner (see [4] for details).
esults are presented in Table 6.

In Table 7 we present joint and marginal survival probabilities
omputed using the equations from Section 2.5. From these results,
e can conclude that jumps play an important role in the model.

The computation time for our calibration procedure is 500s (75s
or calibration of each one-dimensional model and 23s per iteration
f the optimization procedure for the two-dimensional model that
onverges in 15 iterations).3

. Conclusion

In this paper we considered a structural default model of inter-
inkage in the banking system. In particular, we studied a simplified
etting of two  banks numerically. This paper contains several new
esults. First, we developed a finite-difference method, an exten-
ion of the Hundsdorfer-Verwer scheme, for the resulting partial
ntegro-differential equation (PIDE), studied its stability and consis-
ency. To deal with the integral component, we used the idea of its
terative computation from [4]. The method gives second order con-
ergence in both time and space variables and is unconditionally
table.

Second, by applying the finite-difference method, we com-
uted various model characteristics, such as joint and marginal
urvival probabilities, CDS and FTD spreads, as well as CVA and
VA, and estimated the impact of jumps on the results. For a more

ophisticated analysis, we calibrated the model to the market, and
emonstrated a sizeable impact of jumps on joint and marginal
urvival probabilities in the case of two banks. The development of
umerical methods which are feasible for larger systems of banks
ppears to be an important future research direction.

From a numerical analysis perspective, we have extended the
tability analysis of [9] to include an integral term arising from

 jump-diffusion process with one-sided exponential jump size
istribution. By Fourier analysis, we were able to show that the
cheme is stable in the l2-sense when considering probability den-
ities on an infinite domain. An interesting open question is the
tability analysis in the presence of absorbing boundary conditions,
uch that the individual matrices involved in the splitting do not
ommute and the eigenvectors and eigenvalues of the combined

perator cannot directly be computed. We  are planning to address
his in future research.

3 We performed the calibration in Matlab on a PC with Intel Core i7 3.4Ghz (4
ores) CPU.
tional Science 24 (2018) 218–231 229

Appendix A. Pricing equations

A.1 Credit default swap

A credit default swap (CDS) is a contract designed to exchange
credit risk of a Reference Name (RN) between a Protection Buyer
(PB) and a Protection Seller (PS). PB makes periodic coupon pay-
ments to PS conditional on no default of RN, up to the nearest
payment date, in the exchange for receiving from PS the loss given
RN’s default.

Consider a CDS contract written on the first bank (RN), denote
its price C1(t, x).4 We  assume that the coupon is paid continuously
and equals to c. Then, the value of a standard CDS contract can be
given [28] by the solution of (18)–(21) with �(t, x) = c and terminal
condition

 (x) =
{

1 − min(R1, R̃1(1)), (x1, x2) ∈ D2,

1 − min(R1, R̃1(ω2)), (x1, x2) ∈ D12,

where ω2 = ω2(x) is defined in (12) and

R̃1(ω2) = min
[

1,
A1(T) + ω2L21(T)
L1(T) + ω2L12(T)

]
.

Thus, the pricing problem for a CDS contract on the first bank is

∂

∂t
C1(t, x) + LC1(t, x) = c,

C1(t, 0, x2) = 1 − R1, C1(t, ∞,  x2) = −c(T − t),

C1(t, x1, 0) = �(t, x1) =

{
c1,0(t, x1), x1 ≥ �̃1,

1 − R1, x1 < �̃i,

C1(t, x1, ∞) = c1,∞(t, x1),

C1(T, x) =  (x) =

{
1 − min(R1, R̃1(1)), (x1, x2) ∈ D2,

1 − min(R1, R̃1(ω2)), (x1, x2) ∈ D12,

(82)

where c1,0(t, x1) is the solution of the following boundary value
problem:

∂
∂t
c1,0(t, x1) + L1c1,0(t, x1) = c,

c1,0(t, �̃<1 ) = 1 − R1, c1,0(t, ∞)  = −c(T − t),

c1,0(T, x1) = (1 − R1)1{ �̃<
1

≤x1≤ �̃=
1

},

(83)

and c1,∞(t, x1) is the solution of the following boundary value prob-
lem

∂
∂t
c1,∞(t, x1) + L1c1,∞(t, x1) = c,

c1,∞(t, 0) = 1 − R1, c1,∞(t, ∞)  = −c(T − t),

c1,∞(T, x1) = (1 − R1)1{x1≤�=
1

}.

(84)

A.2 First-to-default swap

An FTD contract refers to a basket of reference names (RN). Simi-
lar to a regular CDS, the Protection Buyer (PB) pays a regular coupon
payment c to the Protection Seller (PS) up to the first default of any
of the RN in the basket or maturity time T. In return, PS compensates
Consider the FTD contract referenced on 2 banks, and denote its
price F(t, x). We  assume that the coupon is paid continuously and

4 For the CDS contracts written on the second bank, the similar expression could
be  provided by analogy.
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quals to c. Then, the value of FTD contract can be given [7] by the
olution of (18)–(21) with �(t, x) = c and terminal condition

(x) = ˇ01{x ∈ D12} + ˇ11{x ∈ D1} + ˇ21{x ∈ D2},

here

ˇ0 = 1 − min[min(R1, R̃1(ω2), min(R2, R̃2(ω1)],

ˇ1 = 1 − min(R2, R̃2(1)), ˇ2 = 1 − min(R1, R̃1(1)),

nd

˜1(ω2) = min

[
1,
A1(T) + ω2L21(T)
L1(T) + ω2L12(T)

]
, R̃2(ω1) = min

[
1,
A2(T) + ω1L12(T)
L2(T) + ω1L21(T)

]
.

ith ω1 = ω1(x) and ω2 = ω2(x) defined in (12).
Thus, the pricing problem for a FTD contract is

∂
∂t
F(t, x) + LF(t, x) = c,

F(t, x1, 0) = 1 − R2, F(t, 0, x2) = 1 − R1,

F(t, x1, ∞)  = f2,∞(t, x1), F(t, ∞,  x2) = f1,∞(t, x2),

F(T, x) = ˇ01{x ∈ D12} + ˇ11{x ∈ D1} + ˇ21{x ∈ D2},

(85)

here f1,∞(t, x1) and f2,∞(t, x2) are the solutions of the following
oundary value problems

∂
∂t
fi,∞(t, xi) + Lifi,∞(t, xi) = c,

fi,∞(t, 0) = 1 − Ri, fi,∞(t, ∞)  = −c(T − t),

f1,∞(T, xi) = (1 − Ri)1{xi≤�=
i

}.

(86)

.3 Credit and Debt Value Adjustments for CDS

Credit Value Adjustment and Debt Value Adjustment can be con-
idered either unilateral or bilateral. For unilateral counterparty
isk, we need to consider only two banks (RN, and PS for CVA and PB
or DVA), and a two-dimensional problem can be formulated, while
ilateral counterparty risk requires a three-dimensional problem,
here Reference Name, Protection Buyer, and Protection Seller are

ll taken into account. We  follow [14] for the pricing problem for-
ulation but include jumps and mutual liabilities, which affects

he boundary conditions.
Unilateral CVA and DVA. The Credit Value Adjustment rep-

esents the additional price associated with the possibility of a
ounterparty’s default. Then, CVA can be defined as

CVA = (1 − RPS)E[1{�PS<min(T,�RN )}(V
CDS
�PS

)
+|Ft], (87)

here RPS is the recovery rate of PS, �PS and �RN are the default times
f PS and RN, and VCDSt is the price of a CDS without counterparty
redit risk.

We associate x1 with the Protection Seller and x2 with the Ref-
rence Name, then CVA can be given by the solution of (18)–(21)
ith �(t, x) = 0 and  (x) = 0. Thus,

∂
∂t
VCVA + LVCVA = 0,

VCVA(t, 0, x2) = (1 − RPS)VCDS(t, x2)+, VCVA(t, x1, 0) = 0,

VCVA(T, x1, x2) = 0.

(88)

Similar, Debt Value Adjustment represents the additional price
ssociated with the default and defined as
DVA = (1 − RPB)E[1{�PB<min(T,�RN )}(V
CDS
�PB

)
−|Ft], (89)

here RPB and �PB are the recovery rate and default time of the
rotection buyer.

[

[
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Here, we associate x1 with the Protection Buyer and x2 with the
Reference Name, then, similar to CVA, DVA can be given by the
solution of (18)–(21),

∂
∂t
VDVA + LVDVA = 0,

VDVA(t, 0, x2) = (1 − RPB)VCDS(t, x2)−, VDVA(t, x1, 0) = 0,

VDVA(T, x1, x2) = 0.

(90)

Bilateral CVA and DVA. When we defined unilateral CVA and
DVA, we assumed that either protection buyer, or protection seller
are risk-free. Here we  assume that they are both risky. Then, The
Credit Value Adjustment represents the additional price associated
with the possibility of counterparty’s default and defined as

VCVA = (1 − RPS)E[1{�PS<min(�PB,�RN,T)}(V
CDS
�PS

)
+|Ft]. (91)

Similar, for DVA

VDVA = (1 − RPB)E[1{�PB<min(�PS,�RN,T)}(V
CDS
�PB

)
−|Ft]. (92)

We associate x1 with protection seller, x2 with protection buyer,
and x3 with reference name. Here, we  have a three-dimensional
process. Applying three-dimensional version of (18)–(21) with
 (x) = 0, �(t, x) = 0, we get

∂
∂t
VCVA + L3V

CVA = 0,

VCVA(t, 0, x2, x3) = (1 − RPS)VCDS(t, x3)+,

VCVA(t, x1, 0, x3) = 0, VCVA(t, x1, x2, 0) = 0,

VCVA(T, x1, x2, x3) = 0,

(93)

and

∂
∂t
VDVA + L3V

DVA = 0,

VDVA(t, 0, x2, x3) = (1 − RPB)VCDS(t, x3)−,

VDVA(t, x1, 0, x3) = 0, VDVA(t, x1, x2, 0) = 0,

VDVA(T, x1, x2, x3) = 0,

(94)

where L3f is the three-dimensional infinitesimal generator.
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